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The Setting

Assumptions: Coordinate Descent: One step progress:
e f: R" — R convex; Vx e R",ye R, i=1:n, o xy =x— +V;f(x) e 7(x) 2:E[|T[i](x)|}
IVif(x+ve;) = Vif(x)] < Lyl 1
e Ac RIXn © fo) =] (X a %Vif(x))) = i(vif(x))2 Complexity:
—— .

o d=Q(n) =rli(x) o T(Vf(x)) = O(dn) = Q(n?)
e T(Vif(x)) = 0(d) = Q(n)

Highlights

Steepest Coordinate Descent (SCD) Approximate Steepest CD (ASCD) Uniform Coordinate Descent (UCD)
iscp = argl[n]ax [Vif(x)] iASCD ~uar. Z iUCD ~uar. [0
1€[n
e Classic analysis: e Maintain bounds £ < |[Vf(x)| <u

e Compute active set Z, iscp € Z
e Special case |Z| =1 =7 = {iscp}
e [Nutini et al. ICML15]: If f is p; strongly convex o We give examples where the additional
in the 1-norm?!, then % < < o operations take only O(nlogn) time. e Theorem: 3f:

Lrsep(x) < Tuen(x) < Tsep(x)

) e Theorem:
Tucp(x) < n - i - 73D (X) 75cp (%) =~ Tucp(x)

T X) > T, X) > T X
el enle) aren ey e Theorem: 3f where 75¢p(x) > Tycp(x) and

e The ratio TTASCCiD(’;)) depends crucially on

Lf(y) > f(x) +(VI(x),y —x)+ 22 |y — |2, vx,y € R". the quality of the bounds £, u. Tascp (%) ~ Tscp (%)

7sop (%) = max;epy 7(x) = LIV ()% TASCD (X) > rep(x) = E [f(x)] = 7 [V f(x)ll3

Complexity: 7'(V f(x)) = O(dn) Complexity: T'(V,f(x)) + O(nlogn) = O(d+ nlogn) — Complexity: T'(V,f(x)) = O(d)

Safe bounds £ < [V f(x)| < u Active set 7 e-accuracy of scalar product oracle
x) = x — 2 x2, ,n = , synthetic data
e Trivial values [£]; = 0 and [u]; = oo are admissible, o Example: Consider the intervals I; = [[€];, [u];]: popat SO0 = 14x Z bIP 4 2 Ixll. 4, 1092 ly(tl': e dat
but more accurate bounds give better speed-up. 18 ¥ eene—oi |l
e Obtained through d-gradient oracles g;;: R" — R: h=[02 L=[4 I;=[23 L=[34 A . ;iggEg:
o M BRET g .
A N g g,
Vit Gt e = (9] < 119 T i< argmin {[u]? <y DI vig z}
Cln :
e Principal example: f(x) = 3 [|Ax — b, Then et 0sf
e Theorem: Z can be computed in O(nlogn) time, o6}
ij(X + '7ei) — Vlf(x) =7 (ai, aj> isop € Z and TASCD(X) > TUCD(X)- o1l : : - - - - - !
) ( Epochs
Scalar product approximation The Algorithm: ASCD No-initialization vs. initialization £, = uy = V f(x¢)
e Oracle: S(i,j): [n] x [n] — R with Q Initialize Ty = [n], £y = 0, up = oo —
T(S(i,j)) = O(logn) and @ For t > 0 repeat: - MDY
o @ Pick it ~y.ar It & ASCD.,c=02|]
15(2,5) — (ai, a5)| < €lai]l [|a]] @ Compute V;, f(xy) £ |
© Update £;,1,usy1 with scalar product oracle S -éi
e The bounds £, u can be updated in O(nlogn) @ Update Zy 11 (L1 41, up41)
e Examples:
o S(i,j)=0fore=1 Total complexity: ‘
e Low-dimensional embeddings e Each iteration 8 10 — oo
(Johnson-Lindenstrauss) T(V, f(x¢)) + O(nlogn) = O(d + nlogn) § 102
. . 10*«! L L
° .Use caching techniques to compute and store some e If d = Q(n), ASCD is only O(log n) more expensive 0 1 3 N 1 5 o
important scalar products exactly (¢ = 0 for han UCD. b i the | . lexi pochs
cache-hit, € = 1 for cache-miss). tfaSnCD' » but can attain the iteration complexity {1-regularization on RCV1 dataset
° ’ o 400 = [ Ax — b\|2‘+ A quj, d = 20242, n = 47236, RCV1
35000 - J
Open Problems
§250007
e more general /more accurate gradient oracles e non-uniform sampling from Z 20000}
e good and efficient scalar product oracles S(i, j) e similar technique for SGD setting? 15000
10000
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